Abstract. This note is devoted to the study of the homology class of a compact Poisson transversal in a Poisson manifold. For specific classes of Poisson structures, such as unimodular Poisson structures and Poisson manifolds with closed leaves, we prove that all their compact Poisson transversals represent non-trivial homology classes, generalizing the symplectic case. We discuss several examples in which this property does not hold, as well as a weaker version of this property, which holds for log-symplectic structures. Finally, we extend our results to Dirac geometry.
1. Introduction. A Poisson transversal of a Poisson manifold is an embedded submanifold which meets symplectic leaves transversally and symplectically. They go back to as far as P. Dirac [10] , and play a key role in many constructions since the beginnings of Poisson Geometry [30] , where small complementary transversals to symplectic leaves are used to describe the local structure. In many respects, they are the natural generalization of symplectic submanifolds: a version of Weinstein's symplectic tubular neighborhood theorem holds around Poisson transversals [14] ; in integrable Poisson manifolds, they give rise to symplectic subgroupoids [6, 15] .
In a symplectic manifold, any nonempty, compact symplectic submanifold represents a non-trivial homology class. This paper examines the analogous property in Poisson geometry. We say a Poisson manifold has the HNPT property (homologically non-trivial Poisson transversals) if its nonempty compact Poisson transversals represent non-trivial homology classes, and that it has the weak HNPT property if they represent non-trivial homology classes in their saturation. These properties are studied for specific classes of Poisson manifolds. Our main results are the following. Unimodular Poisson manifolds have the HNPT property (Theorem 1); Poisson manifolds with closed leaves have the HNPT property (Theorem 3); log-symplectic Poisson manifolds have the weak HNPT property (Theorem 4); in Theorem 2 we discuss functoriality of the HNPT property under proper Poisson maps, and, for completeness, we prove also that unimodularity is preserved under proper Poisson maps that are surjective submersions (Proposition 1). In section 3 we discuss examples of Poisson manifolds which fail to have the (weak) HNPT property.
Most of our results generalize to Dirac geometry, and the necessary adaptations are presented in section 9.
The natural homology class of a Poisson transversal lives in the homology twisted by the orientation bundle (even in the orientable case), and in Appendix A we give a brief outline of the needed theory with references.
In Appendix B we prove a result which is used to deduce Theorem 2, namely that closed leaves of Poisson manifolds are embedded submanifolds (and generalizations of it). Although this fact seems well-known, a complete proof is hard to find in the literature.
2. The homology class of a compact Poisson transversal. It will be convenient to use (co-)homology of a manifold M twisted by the orientation bundle o M (see Appendix A for an overview of the used material and for notation); the resulting cohomology and homology groups will be denoted by:
Given a Poisson manifold (M, π) of dimension m, and an embedded submanifold X ⊂ M of codimension 2q (Poisson transversals always have even codimension), the Poisson tensor induces a canonical section of the top exterior power of the normal bundle of X:
pr(π q | X ) ∈ Γ(∧ 2q N X), N X := T M | X /T X, where pr : ∧T M | X → ∧N X is the natural projection. The condition that X be a Poisson transversal is equivalent to the section pr(π q | X ) being nowhere-vanishing. Therefore, a Poisson transversal has a canonical coorientation induced by the section pr(π q | X ). Thus, a compact Poisson transversal X ⊂ (M, π) has a canonical homology class in homology with local coefficients in o M (see Appendix A):
For instance, a symplectic manifold (M, ω) has a canonical orientation given by ω top , which induces an isomorphism of flat bundles
, where 2p = dim(X); this is simply because the closed form ω p restricts to a volume form on X, and therefore their pairing is non-trivial:
We introduce terminology for Poisson manifolds having the analogous property:
is said to have homologically nontrivial Poisson transversals (or the HNPT property) if the homology class
of any of its compact, nonempty Poisson transversals X is nontrivial.
3.
Examples of Poisson manifolds without the HNPT property. The examples given here are all of 3-dimensional orientable Poisson manifolds which do not have the HNPT property. In dimension three, the symplectic leaves are either 0-dimensional (i.e. zeroes of the Poisson structure) or 2-dimensional. Therefore, a nonempty, compact, connected Poisson transversal is the same as a circle which does not pass through the singular locus and meets the 2-dimensional leaves transversally.
Example 1 (3-dimensional Lie algebras). The dual vector space of a Lie algebra (g, [·, ·]) is canonically a Poisson manifold (g * , π g ), with Poisson structure given by
The symplectic leaves of π g are the coadjoint orbits. An interesting problem is to give a Lie-theoretic characterization of the Lie algebras whose duals admit compact Poisson transversals. Here, we discuss this problem in detail for the duals of the 3-dimensional Lie algebras. The semisimple ones, sl 2 (R) and so 3 (R), admit no transverse circles, as one can easily see from their symplectic foliations:
For the Poisson structures π g corresponding to the remaining 3-dimensional Lie algebras, there exist coordinates (x, y, z) such that:
where X is a linear vector field on R 2 , i.e.
The 2-dimensional leaves of the Poisson structure are of the form C ×R, for C ⊂ R 2 a nontrivial flow line of X, and the singular points are of the form (p, z) where p is a zero of X. Poisson structures of this type are easily classified, e.g. using the classification of 3-dimensional Lie algebras, or directly: conjugating the matrix A = a b c d corresponds to linear isomorphisms of R 2 , and rescaling the matrix by t = 0 is equivalent to rescaling the z-direction by 1/t. Following this direct approach, one obtains that π g (equivalently, X) admits a transverse circle if and only if the real part of the two eigenvalues of A have the same sign (and are non-zero); i.e. if the flow of X or −X is a contraction towards the origin (this condition is standard in linearization results for vector fields [29] ). Under this condition, all resulting foliations are homeomorphic to each other: the 2-dimensional leaves look like the pages of an open book whose core consists of 0-dimensional leaves. The cases A = Id and A with eigenvalues that are neither real nor purely imaginary are plotted below:
One can easily construct a transverse circle X, which goes around the binding of the book. In this case, the homology class [X] of the Poisson transeversal is trivial in H 1 (g * , R) = 0; in particular, the HNPT property does not hold. 
i.e., an unknotted torus T decomposes S 3 into two open solid tori C 1 and C 2 ; T is a leaf, and each solid torus is foliated by discs which converge to the boundary in a flat fashion. A choice of volume form on the leaves of F R gives a Poisson structure π on S 3 . The two central circles X i ⊂ C i , with i = 0, 1, are Poisson transversals in (S 3 , π), and both are homologous to zero, since H 1 (S 3 , R) = 0. Thus, (S 3 , π) does not have the HNPT property.
4.
The weak HNPT property. Even though the examples above do not have the HNPT property, they do satisfy a weak version of it. Namely, in Example 1 consider the open set U ⊂ R 3 which is the complement of the binding. Then U is saturated, the transverse circle X is included in U , and moreover [X] = 0 in H 1 (U, R). Moreover, one can easily see that the resulting Poisson manifold (U, π g | U ) does have the HNPT property.
To put this example into perspective, we first introduce the following notion:
, is the union of all leaves of π which meet X.
Note that St(X) is open in M , simply because transversality of X implies that its image in the leaf space M/π is open.
In the discussion of Example 1 above, we have that St(X) = U , for any Poisson transversal X. For the Reeb foliation of Example 2, we have that St(X i ) = C i . In fact, these two examples satisfy the following property, which is more natural from a Poisson-geometric point of view: 
We expect that Poisson manifolds which do not satisfy the weak HNPT property be rather rare; below, we construct such an example.
Example 3 (Flat bundles over symplectic manifolds). Let : M → (B, ω) be a compact, connected oriented fibre bundle over a symplectic manifold (B, ω). Assume that admits a flat Ehresmann connection; in other words, assume that M admits a foliation F which is complementary to the fibres of . Then there is an induced Poisson structure π on M , with underlying foliation F and symplectic forms given by restrictions of * (ω) to the leaves. The fibres of are compact Poisson transversals of (M, π). Moreover, the connectedness of B implies that the saturation of each fibre is M . On the other hand, note that, up to a non-zero constant, Such examples exist already in dimension 3. Let Σ an oriented compact surface of genus g ≥ 2, and let : M → Σ be a principal S 1 -bundle, with Chern class c ∈ H 2 (Σ, R). We will assume that c satisfies:
.
By [33, Theorem 1.1], the second inequality implies that : M → Σ admits a transverse foliation F. Let ω ∈ Ω 2 (Σ) be a symplectic structure on Σ. Since c can be represented by the curvature of a principal S 1 -connection α, we have that
One the other hand, since Σ is 2-dimensional and c = 0, we have that 
is the canonical orientation induced by ω, then the invariant positive density is given by
, where 2k = dim(M ). An invariant density gives rise to several closed o M -valued forms:
is invariant under all Hamiltonian vector fields if and only if dι π µ = 0. In this case, the following forms are closed:
µ, ι π µ, ι π 2 µ, . . . ι π q µ, . . . .
Proof. The result is highly standard. The first part appears already in [31] , and follows directly from the relation df
For the second part, consider the operator
this is the usual operator computing Poisson homology). The Poisson condition yields:
and explicitly,
Applying this to µ, we obtain that
Thus, the second part follows inductively.
There is also a Dirac geometric approach to the second part: unimodularity is equivalent to the existence of a closed, nowhere-vanishing section of the spinor bundle; in the Poisson case this means the existence of a volume form µ such that
. is closed (see [16] and section 9 for details).
The lemma implies:
A unimodular Poisson manifold has the HNPT property.
Proof. Let X be a compact Poisson transversal of codimension 2q in a unimodular Poisson manifold (M, π) of dimension m, and let µ be an invariant, positive density on M . By Lemma 1 ι π q µ is closed. Since π q induces a nowhere-vanishing section of the normal bundle of X, which induces the coorientation of X (see section 2), we have that ι π q µ restricts to a positive density on X. Thus, Example 5 (Regular Poisson structures). For a regular Poisson manifold (M, π), unimodularity is equivalent to unimodularity of the underlying foliation F, in the sense that there exists a closed, nowhere-vanishing form ξ ∈ Ω q (M, o M ), where q = codim(F) such that F is given by kernel of ξ [31] .
By Theorem 1, the foliations in Examples 2 and 3 are not unimodular, because they have compact Poisson transversals with trivial homology class. That these examples are not unimodular was discussed also in [31] .
6. The HNPT property under proper Poisson maps. As shown in [14] , Poisson transversals behave well under Poisson maps. Using this, we prove that the HNPT property behaves reasonably well under proper Poisson maps, a result which will be used in the following sections.
Theorem 2. Let f : (P, π P ) → (M, π M ) be a proper Poisson map. If (P, π P ) has the HNPT property, then the homology class of every compact Poisson transversal X ⊂ M which meets f (P ) is nontrivial.
In particular, if f is onto then (M, π M ) has the HNPT property.
Proof. Let X ⊂ M be a compact Poisson transversal satisfying f (P ) ∩ X = ∅. Let p = dim(P ), m = dim(M ) and 2q = codim(X). By [14, Lemma 7] , f is transverse to X and Y := f −1 (X) is a Poisson transversal in (P, π P ). Our assumptions imply that Y is compact and nonempty, and so, since (P, π P ) has the HNPT property, we have that the homology class [Y ] is nontrivial in H p−2q (P, o P ). This is equivalent to the non-triviality of its compactly supported Poincaré dual
c (P, R) (see Appendix A for Poincaré duals in our setting). The conclusion follows because
Identity (1) is a general property of the preimage of a compact submanifold via a smooth, proper map to which it is transverse, and fits into the classical theory of Umkehr maps in (co-)homology. For a direct proof, adapt the arguments in [ Since symplectic manifolds are unimodular, we obtain:
A Poisson manifold which admits a surjective proper symplectic realization 1 has the HNPT property.
This yields a criterion for the nonexistence of proper symplectic realizations:
Corollary 2. A regular, corank-one Poisson structure on a compact, oriented manifold M with H 1 (M, R) = 0 does not admit proper symplectic realizations.
Proof. A coorientable, codimension-one foliation on a compact manifold always admits a transverse circle (see e.g. [24] ). In our case, the circle is a compact Poisson transversal, and since H 1 (M, R) = 0, the HNPT property does not hold. Thus, Corollary 1 implies the result.
A second proof of this corollary, suggested by R. L. Fernandes in the case when the map is also submersive, observes that by [7, Proposition 7.8 ] the existence of a proper submersive symplectic realization implies unimodularity, which in this case (see Example 5) implies that the foliation is given by a nowhere-vanishing closed one-form, which cannot exist on a compact manifold M with H 1 (M, R) = 0. In fact, the following more general property holds:
Proof. We will use the map of integration along the fibres
where p = dim(P ) and m = dim(M ). This is defined as follows. First, note that there is a canonical isomorphism
, where o f is the orientation bundle of ker(f * ). Let ω ∈ Ω
• (P, o P ). At any x ∈ M , there is a finite sum decomposition
where
1 Symplectic realizations are not assumed to be submersive Note also the following general property of fibre integration. For a vector field v on P which is f -related to a vector field v on M , we have that
Let µ ∈ Ω p (P, o P ) be an positive, invariant density on (P, π P ). Note that f % (µ) ∈ Ω m (M, o M ) is a positive density on M . By applying the above property to the Hamiltonian vector fields v = π P (df * (a)) and v = π M (da), for a ∈ C ∞ (M ), we obtain that f % (µ) is invariant under the Hamiltonian vector fields of π M . Hence, (M, π M ) is unimodular.
7. Poisson manifolds with closed leaves. In this section, we prove that Poisson manifolds with closed leaves have the HNPT property. An important class of such Poisson manifolds, the so-called Poisson manifolds of compact/proper type, are currently the subject of much investigation [7, 8, 20] .
Let us note the following direct consequence of Theorems 1 and 2:
Corollary 3. Let X be a compact Poisson transversal in a Poisson manifold (M, π). If X meets a closed, embedded, unimodular Poisson submanifold, then
In particular, if X meets a closed symplectic leaf, then
Closed symplectic leaves are automatically embedded submanifolds, this is the reason why being embedded is not a hypothesis in the second part of the corollary. The proof of this fact is not easily found in the literature, therefore we have included one in Appendix B.
Corollary 3 implies the following:
Theorem 3. A Poisson manifold with closed leaves has the HNPT property.
Example 6 (Lie-Poisson spheres). Let g be a Lie algebra of compact type, and endow g * with an invariant inner product. The corresponding unit sphere becomes a Poisson submanifold of (g * , π g ), denoted (S(g * ), π S ), and is called the Lie-Poisson sphere corresponding to g. Lie-Poisson spheres are interesting examples of compact Poisson manifolds: they are not integrable (with a few exceptions); they have compact leaves; and, in the semi-simple case, their local deformation space (which is infinite dimensional) can be described explicitly [22] .
Theorem 3 implies that Lie-Poisson spheres have the HNPT property. Note that, for a compact Poisson transversal X ⊂ S(g * ), it can happen that [X] = 0 only when X = S(g * ), or when X is a finite set of points, in which case S(g * ) is symplectic, and so g so(3).
In fact, it can be easily seen that the Lie-Poisson spheres are unimodular: if µ ∈ ∧ top g is non-zero, then ι E µ| S(g * ) is an invariant volume form, where E denotes the Euler vector field on g * .
8. Log-symplectic structures. In this section we discuss the homology of compact Poisson transversals in log-symplectic manifolds. Recall [17] that a Poisson structure π on a manifold M of even dimension 2k is called log-symplectic (or b-symplectic) if its top power π k ∈ Γ(∧ 2k T M ) is transverse to the zero-section of ∧ 2k T M . The singular locus of the log-symplectic structure π is the codimensionone submanifold where the rank is not maximal
Log-symplectic manifolds are not unimodular, unless they are symplectic [17] . We have that:
Theorem 4. Log-symplectic manifolds have the weak HNPT property.
Proof. Let X be a nonempty, compact Poisson transversal in a log-symplectic manifold (M, π). First, assume that X meets the singular locus Z(π). We have that This example can be generalized to any orientable log-symplectic manifold which is not symplectic, by choosing two point on different sides of the singular locus.
Example 8. Note that π S 2 o Example 7 is invariant under the antipodal action of Z 2 , and that it descends to a log-symplectic structure π P 2 on the projective plane
In this case, for any point P in the symplectic locus of π P 2 , we have that X = {P } is a Poisson transversal, but [X] = 0, because H 0 (P 2 , o P 2 ) = 0. This example can be generalized to any non-orientable log-symplectic manifold.
Nevertheless, the only issues that prevent a log-symplectic manifold from having the HNPT property are those discussed in Examples 7 and 8 above:
Theorem 5. A compact, connected, nonempty Poisson transversal of an orientable log-symplectic manifold has nontrivial homology class.
Proof. If the Poisson transversal meets the singular locus, then the connectivity assumption is not needed, and the argument from the proof of Theorem 4 applies.
Assume that the Poisson transversal X does not intersect the singular locus Z(π). Consider the closed 2-form ω := π −1 , which is singular at Z(π). Note that X is orientable, because M is orientable and X is coorientable, and fix an orientation on X. Since X is connected, X ω k = 0, where 2k = dim(X). Let U (−1, 1) × Z(π) be a tubular neighborhood of Z(π) in M which does not meet X. It is shown in [21] that there exists a closed 2-form ω on M which coincides with ω outside of U (note that the argument from loc.cit. does not use compactness of Z(π), but only that Z(π) is closed and embedded). We obtain that
which implies the conclusion.
9. The general Dirac case. The results presented in this paper have a natural and rather straightforward generalization to the setting of Poisson transversals in Dirac manifolds, and we devote this section to explaining this. For the basics of Dirac geometry, we recommend [1, 4, 16] .
denote the spinorial line bundle corresponding to L. The orientation double cover of K L will be denoted by
Note that o L has a canonical flat connection, and a canonical metric. For Poisson structures, o L is isomorphic to the orientation bundle o M of M . The entire discussion in Appendix A can be directly adapted to this setting: one obtain the complex ( 
Next, we recall [1, 4] the various types of maps f : (P,
If f is backward Dirac, then L P is determined by L M , and we write
is a smooth Dirac structure, and that f :
is a backward Dirac map [4, Proposition 5.6]. The transversality condition is equivalent to
being a line bundle, and in this case, f 
Pointwise, the strong forward condition is dual to the transverse backward condition. Therefore, it can be characterized in terms of a dual notion, which we now discuss (see [23] ). The co-spinorial line bundle of a Dirac manifold (N, L) is the real line bundle
There exists a natural isomorphism between the following bundles (see [23 
By duality, we have that f : (P, L P ) → (M, L M ) is a strong forward Dirac map if and only if, for every x ∈ P ,
Using also the canonical isomorphism above, we obtain that a strong forward Dirac map induces the following isomorphisms
is an embedded submanifold X ⊂ M which intersects the presymplectic leaves of L transversally and symplectically.
Example 9. A Poisson transversal in a foliated manifold (M, F) is an embedded submanifold X ⊂ M which is of complementary dimension to F and meets each leaf transversally. A Poisson transversal in a manifold endowed with a closed two-form (M, ω) is an embedded submanifold X for which ω| X is symplectic.
The following result characterizing Poisson transversals is straightforward. Lemma 2. Let i : X → (M, L) be an embedded submanifold. The following conditions are equivalent:
q N X, where q = codim(X) and pr :
Let i : X → (M, L) be a compact Poisson transversal. Since i is transverse to the leaves, as discussed above, the pullback i ! (L) is a Dirac structure on X with spinorial line
Since X is a Poisson transversal, by Lemma 2 (c), we have that i ! (L) corresponds to a Poisson structure π X on X. Moreover, we obtain isomorphisms of line bundles:
where the second map is just the projection on the top degree component of ∧ • T * X. The composition induces a flat isomorphisms of the associated orientation bundles
Using this isomorphism and functoriality of homology with coefficients [32, Chapter VI, 2], X induces a homology class in
obtained by pushing forward the fundamental class of X in H • (X, o X ). The compactly supported Poincaré dual of X can be constructed on any tubular neighborhood N X of X, as a closed form in η ∈ Ω q c (N X, o N X ), where q = codim(X) and by o N X we have denoted the orientation bundle of the vector bundle ∧ q N X. The restriction of η to the fibres of p : N X → X is a compactly supported density, and the cohomology class
is determined by the fact that η integrates to 1 over these fibers. On the other hand, there are canonical
Using this map, we can push forward PD[X] and regard it as an element in
Definition 5. A Dirac manifold (M, L) has the HNPT property (resp. the weak HNPT property) if any of its nonempty compact Poisson transversals X has a non-trivial homology class
is the saturation of X, i.e. the union of all presymplectic leaves that meet X).
Let us now discuss the Dirac version of Theorem
is trivializable, and moreover, it carries a canonical orientation: for ξ ∈ K L , with ξ = 0, the element ξ ⊗ [(R >0 · ξ, 1)] is positive and the element
admits a closed, nowhere-vanishing section [12, 16] :
Dirac Version of Theorem 1. Unimodular Dirac manifolds have the HNPT property.
Proof. Choose such a closed section µ which is positive. Let i : X → (M, L) be a nonempty Poisson transversal. Using Lemma 2, and the canonical isomorphism o L | X o X , we obtain that pr top i * (µ) ∈ Ω top (X, o X ) is a positive density on X. Therefore, the pairing (2) gives
Next, we discuss the results of section 6 in the Dirac setting. The following is a straightforward generalization of [14, Lemma 7] . 
By the isomorphisms (5), the strong forward Dirac map f induces an isomorphism (of flat bundles endowed with metrics):
so we have a well-defined map Proof. Denote p := dim(P ), m := dim(M ) and q := p−m. Let x ∈ P , and consider non-zero elements ϕ ∈ K L P ,x and w ∈ ∧ p T x P . By (3), ι ϕ w spans the co-spinorial line C L P ,x , and so by (4) f * (ι ϕ w) spans the co-spinorial line C L M ,f (x) . On the other hand, decomposing w = v ∧ u, with v ∈ ∧ q ker x (f * ), we have that
Since f * annihilates the components of v, we obtain that f * (ι ϕ w) = f * (ι ιvϕ u) = ι ψ f * (u), which, again by (3) implies that ψ is a non-zero element of K L M ,f (x) . We obtain an isomorphism of line bundles:
This induces a flat metric preserving isomorphism of the orientation bundles
Therefore, there is an integration along the fibres map
defined as in the proof of Proposition 1. Moreover, from (7), if follows that a positive
Finally, the conclusion follows because f % is also a chain map (which is shown as in the classical case), so f % (µ) is also closed, if µ is closed.
The above results imply that Corollary 3 and Theorem 3 extend directly to the Dirac setting:
Dirac Version of Corollary 3. If a compact Poisson transversal meets a closed, embedded, unimodular Dirac submanifold (in particular, if it meets a closed presymplectic leaf ), then its homology class is non-trivial.
Dirac Version of Theorem 3. A Dirac manifold with closed leaves has the HNPT property.
The Dirac analogue of log-symplectic structures was recently introduced in [2, Definition 4.11] under the name of log-Dirac structures, and we believe that also the result of section 8 generalize to this setting. However, the theory of these structures has not been developed yet, and so we do not investigate this here. 
thus, one obtains the usual de Rham cohomology of M .
Recall also that elements in Ω top (M, o M ) are called (smooth) densities, and that compactly supported densities can be canonically integrated over M . This ensures the existence of a pairing:
which descends to cohomology, and induces an isomorphism:
For an exposition of homology with local coefficients see [32, Any compact cooriented submanifold X ⊂ M has a fundamental class
This is defined by pushing forward the fundamental class of X, by using functoriality of homology with local coefficients (see loc.cit.), and by using that a coorientation induces an isomorphism o X o M | X . Let us remark that also the de Rham theorem holds for (co-)homology twisted by the orientation bundle. First, note that o M comes with a fibre metric ·, · o M , defined so that elements of the form [p, ±1] have length one. This can be used to induce an integral pairing:
where u : ∆ q → M is the projection of v. This pairing descends to a pairing
which is non-degenerate and induces a de Rham isomorphism:
For oriented manifolds, this is just the usual de Rham theorem. For non-orientable ones, this can also be deduced from the usual de Rham theorem by working on the oriented double cover M and identifying H q (M, o M ) (resp. H q (M, o M )) with the −1 eigenspace of the nontrivial deck transformation on H q ( M , R) (resp. H q ( M , R)).
closed in W . This implies that Λ S is a countable perfect set in W , which contradicts [26, Theorem 2.43]; equivalently, Baire's Category Theorem is contradicted for the closed set Λ S , because ∅ = ∩ q∈Λ S (Λ S \{q}). This concludes the proof.
Inspired by the argument above, we introduce the following class of submanifolds.
Definition 6. A subset S of a manifold M is called a codimension q leaf-like submanifold, if around every point in S there exists an open set U , a submersion h : U → R q and an at most countable set Λ ⊂ R q such that U ∩ S = h −1 (Λ).
By standard arguments (see e.g. [27, Theorem 2.7]), it can be shown that a codimension q leaf-like submanifold is indeed an immersed submanifold of codimension q, and moreover that it is an initial submanifold, which implies that its smooth structure is uniquely determined. Note that, if the sets Λ are assumed to be finite, then one obtains the usual notion of embedded submanifolds. By first applying the submersion theorem, the argument in the proof of Proposition 2 yield: Proposition 3. A closed, connected, leaf-like submanifold is embedded.
The class of leaf-like submanifolds includes the leaves of singular foliations in the sense of Stefan [28] (see also [18] ), because these, by definition, admit local splittings. In particular, by the splitting theorem for Lie algebroids [13, Theorem 1.1], the orbits of a Lie algebroid are also leaf-like submanifolds.
